
R
e
c
e
n
t
P
r
o
g
r
e
ss

in
A
p
p
ly
in
g
S
e
m
id
e
fi
n
ite

O
p
tim

iz
a
tio

n
to

S
a
tisfi

a
b
ility

P
r
o
b
le
m
s

M
ig
u
e
l
F
.
A
n
jo
s

D
ep
artm

en
t
of

M
an

agem
en
t
S
cien

ces

U
n
iversity

of
W
aterlo

o,
C
an

a
d
a

R
esea

rch
p
a
rtia

lly
su
p
p
o
rted

b
y
th
e
N
a
tu
ra
l
S
cien

ces
a
n
d
E
n
g
in
eerin

g

R
esea

rch
C
o
u
n
cil

(N
S
E
R
C
)
o
f
C
a
n
a
d
a
.

M
O
P
T
A

0
5
–
U
n
iv
e
rsity

o
f
W

in
d
so
r
–
2
6
J
u
ly

2
0
0
5

1



T
h
e
S
a
tisfi

a
b
ility

P
ro
b
le
m

(S
A
T
)

•
S
A
T

in
stan

ces
arise

from
m
an

y
areas:

artifi
cial

in
telligen

ce,

circu
it
testin

g,
softw

are
verifi

cation
,
etc.

•
It

is
k
n
ow

n
th
at

S
A
T

is
in

gen
eral

N
P
-com

p
lete,

alth
ou

gh

several
im

p
ortan

t
sp
ecial

cases
can

b
e
solved

in
p
oly

n
om

ial

tim
e.

•
W
e
con

sid
er

th
e
S
A
T

p
rob

lem
in

con
ju
n
ctive

n
orm

al
form

(C
N
F
).

2



F
o
rm

a
l
D
e
fi
n
itio

n
o
f
S
A
T

A
n
in
stan

ce
of

S
A
T

is
sp
ecifi

ed
b
y
a
set

of
n
variab

les
x
1 ,...,x

n

an
d
a
p
rop

osition
al

form
u
la

Φ
=

m∧

j
=
1

C
j

w
ith

m
clau

ses,
each

of
th
e
form

C
j
=
∨

k
∈

I
j

x
k
∨
∨

k
∈

Ī
j

x̄
k
,

w
h
ere

I
j ,Ī

j
⊆
{1

,...,n
}
,
I
j
∩

Ī
j
=
∅,
|I

j
∪

Ī
j |
≥

2,
an

d
x̄

i
d
en
otes

th
e
n
egation

of
x

i .

3



F
o
rm

a
l
D
e
fi
n
itio

n
o
f
S
A
T
(c
td
)

T
h
e
S
A
T

p
rob

lem
is

:

G
iven

an
in
stan

ce
of

S
A
T
,
is

Φ
satisfi

ab
le?

i.e.

is
th
ere

a
tru

th
assign

m
en
t
to

th
e
variab

les
x
1 ,...,x

n
su
ch

th
at

Φ

evalu
ates

to
T
R
U
E
?

E
x
a
m
p
le
fo
r
th
is
ta
lk

(x
1
∨

x
2 )
∧
(x

2
∨

x̄
3
∨

x
4 )

4



S
e
m
id
e
fi
n
ite

P
ro
g
ra
m
m
in
g
(S
D
P
)

W
e
assu

m
e
th
at

w
e
h
ave

an
effi

cien
t
algorith

m
to

solve
sem

id
efi
n
ite

p
rogram

m
in
g
p
rob

lem
s.

A
p
rim

al-d
u
al

p
air

for
S
D
P

h
as

th
e
form

:

m
ax

C
·
X

m
in

b
T
y

s.t.
A

i
·
X

=
b
i ,

i
=

1
,...,m

s.t.
Z

=
m∑i=
1

y
i A

i
−

C

X
º

0
Z
º

0

w
h
ere

A
·
B

=
∑

i,j
A

i,j B
i,j

=
trace

(B
T
A
).

N
ote

th
e
sim

ilarity
w
ith

lin
ear

p
rogram

m
in
g,

ex
cep

t
th
at

th
e
“n

on
-n
egativ

ity
”
con

strain
t

X
º

0
d
en
otes

th
at

X
is

a
real,

sy
m
m
etric,

p
ositive

sem
id
efi
n
ite

m
atrix

.
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P
re
v
io
u
s
A
p
p
lic
a
tio

n
s
o
f
S
D
P
to

S
A
T

•
S
D
P
-b
ased

ap
p
rox

im
ation

algorith
m
s:

–
for

M
A
X
-2-S

A
T

b
y
G
o
em

an
s
an

d
W

illiam
son

(1994)

–
for

M
A
X
-3-S

A
T

b
y
K
arloff

an
d
Z
w
ick

(1997)

–
for

M
A
X
-4-S

A
T

b
y
H
alp

erin
an

d
Z
w
ick

(1999)

•
G
ap

relax
ation

of
d
e
K
lerk

,
van

M
aaren

an
d
W
arn

ers
(2000),

w
h
ich

is
b
ased

on
th
e
ellip

tic
ap

p
rox

im
ation

s
of

clau
ses

b
y

van
M
aaren

(1999).

•
P
artial

h
igh

er
liftin

gs
of

A
n
jos

(2004,2005).

6



U
se
fu
l
D
e
fi
n
itio

n
s

F
or

clau
se

C
j
=
∨

k
∈

I
j

x
k
∨
∨

k
∈

Ī
j

x̄
k
an

d
k
∈

I
j
∪

Ī
j ,

d
efi
n
e

s
j
,k

:=



1
,

if
k
∈

I
j

−
1
,

if
k
∈

Ī
j

L
et

1
d
en
ote

T
R
U
E

an
d
−
1
d
en
ote

F
A
L
S
E
.

T
h
enclau

se
C

j
is

satisfi
ed

⇔
s

j
,k

x
k
=

1
for

som
e

k
∈

I
j
∪

Ī
j

⇔
∏

k
∈

I
j
∪

Ī
j (1
−

s
j
,k

x
k )

=
0.
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G
a
p
R
e
la
x
a
tio

n
fo
r
o
u
r
E
x
a
m
p
le

(x
1
∨

x
2 )
∧
(x

2
∨

x̄
3
∨

x
4 )

fi
n
d

X
º

0

s.t.
X

1
,2
−

X
0
,1
−

X
0
,2
+
1
=

0

X
2
,4
−

X
3
,4
−

X
2
,3
−

X
0
,2
+

X
0
,3
−

X
0
,4
≤

0

X
=



1
X

0
,1

X
0
,2

X
0
,3

X
0
,4

X
0
,1

1
X

1
,2

X
1
,3

X
1
,4

X
0
,2

X
1
,2

1
X

2
,3

X
2
,4

X
0
,3

X
1
,3

X
2
,3

1
X

3
,4

X
0
,4

X
1
,4

X
2
,4

X
3
,4

1


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S
o
m
e
P
ro
p
e
rtie

s
o
f
th
e
G
a
p
R
e
la
x
a
tio

n

•
It

ch
aracterizes

satisfi
ab

ility
for

2-S
A
T

p
ro
b
lem

s,
i.e.

th
e
G
ap

relax
ation

is
feasib

le
if
an

d
on

ly
if
th
e
corresp

on
d
in
g
2-S

A
T

in
stan

ce
is

satisfi
ab

le.
(2-S

A
T

is
k
n
ow

n
to

b
e
solvab

le
in

p
oly

n
om

ial
tim

e.)

•
It

also
ch
aracterizes

satisfi
ab

ility
for

certain
classes

of
S
A
T

p
rob

lem
s,

su
ch

as
m
u
tilated

ch
essb

oard
an

d
p
igeon

h
ole

in
stan

ces.

•
T
h
e
au

th
ors

also
an

aly
zed

rou
n
d
in
g
sch

em
es

an
d

ap
p
rox

im
ation

gu
aran

tees
for

th
e
G
ap

relax
ation

,
as

w
ell

as
its

b
eh
av
iou

r
on

so-called
(2

+
p
)-S

A
T

p
rob

lem
s.

H
ow

ever,
th
e
G
ap

relax
ation

is
alw

ay
s
feasib

le
w
h
en

th
e
S
A
T

in
stan

ce
h
as

n
o
clau

ses
of

len
gth

less
th
an

th
ree,

an
d
h
en
ce

is

u
n
ab

le
to

d
etect

u
n
satisfi

ab
ility

for
su
ch

in
stan

ces.
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H
o
w
C
a
n
W
e
D
o
B
e
tte

r?

N
ote

th
at

th
e
row

s
an

d
colu

m
n
s
of

th
e
m
atrix

variab
le

in
th
e
G
ap

relax
ation

are
in
d
ex
ed

b
y
th
e
b
in
ary

variab
les

th
em

selves:

X
=



1
X

0
,1

···
X

0
,n

1

...
X

i,j

1



T
igh

ter
S
D
P

relax
ation

s
can

b
e
ob

tain
ed

b
y
u
sin

g
id
eas

from
a

h
igh

er
liftin

gs
p
arad

igm
for

con
stru

ctin
g
S
D
P

relax
ation

s
of

p
oly

n
om

ial
op

tim
ization

p
rob

lem
s:

con
sid

er
sem

id
efi
n
ite

relax
ation

s
w
ith

th
e
row

s
an

d
colu

m
n
s
of

th
e

m
atrix

variab
le

in
d
ex
ed

b
y
su
b
sets

of
th
e
set

of
variab

les.

1
0



P
ro
p
e
rtie

s
o
f
H
ig
h
e
r
L
iftin

g
s

T
h
ese

h
igh

er
liftin

gs

•
h
ave

stron
g
th
eoretical

p
rop

erties:
A
n
jos-W

olkow
icz

(1999),

L
asserre

(2000,2001),
P
arrillo

(2000),
L
au

ren
t
(2001,2002),

B
ien

sto
ck
-Z
u
ckerb

erg
(2002).

In
p
articu

lar,
u
sin

g
all

2
n
su
b
sets

m
ean

s
th
at

w
e
are

op
tim

izin
g

over
th
e
con

vex
h
u
ll
of

th
e
±
1
feasib

le
solu

tion
s.

•
b
u
t
th
e
size

of
th
e
liftin

gs
grow

s
very

rap
id
ly

w
ith

th
e
n
u
m
b
er

of
b
in
ary

variab
les.

A
s
a
con

seq
u
en
ce,

on
ly

secon
d
liftin

gs
for

M
ax

im
u
m
-C

u
t

p
rob

lem
s
w
ith

on
ly

u
p
to,

say,
30

b
in
ary

variab
les

can
b
e

solved
in

p
ractice.

1
1



P
a
rtia

l
H
ig
h
e
r
L
iftin

g
s

W
e
th
erefore

con
sid

er
p
artial

h
igh

er
liftin

gs
for

w
h
ich

1.
b
oth

th
e
d
im

en
sion

of
th
e
m
atrix

variab
le

an
d
th
e
n
u
m
b
er

of

lin
ear

con
strain

ts
d
ep

en
d
lin

early
on

th
e
size

of
th
e
S
A
T

in
stan

ce;
an

d

2.
th
e
stru

ctu
re

of
th
e
S
D
P

relax
ation

refl
ects

th
e
stru

ctu
re

of
th
e

S
A
T

in
stan

ce.

T
h
e
ap

p
roach

p
rop

osed
in

A
n
jos

(2005)
ex
p
resses

satisfi
ab

ility

u
sin

g
∏

i∈
I

j
∪

Ī
j (1
−

s
j
,i x

i )
=

0

w
h
ich

,
u
p
on

ex
p
an

d
in
g
an

d
rearran

gin
g
term

s,
eq
u
als

l(C
j
)

∑t=
1

(−
1)

t−
1



∑

I
⊆

I
j
∪

Ī
j
,|I
|=

t

(

∏i∈
I

s
j
,i

)
(

∏i∈
I

x
i

)



=
1
.

1
2



Im
p
ro
v
e
d
S
D
P
R
e
la
x
a
tio

n
fo
r
o
u
r
E
x
a
m
p
le

(x
1
∨

x
2 )
∧
(x

2
∨

x̄
3
∨

x
4 )

F
rom

th
e
fi
rst

clau
se,

w
e
h
ave

x
1
+

x
2
−

x
1 x

2
=

1
w
h
ich

in
volves

th
e
term

s
x
1 ,

x
2 ,

an
d

x
1 x

2 .

S
im

ilarly,
from

th
e
secon

d
clau

se,
w
e
h
ave

x
2
−

x
3
+

x
4
+

x
2 x

3
−

x
2 x

4
+

x
3 x

4
−

x
2 x

3 x
4
=

1.

T
h
e
resu

ltin
g
m
atrix

variab
le

Y
h
as

d
im

en
sion

10,
an

d

con
cep

tu
ally

its
fi
rst

row
w
ill

b
e:

(

1
x
1

x
2

x
1 x

2
x
3

x
4

x
2 x

3
x
2 x

4
x
3 x

4
x
2 x

3 x
4

)

W
e
in
d
ex

th
e
fi
rst

colu
m
n
b
y
∅
,
an

d
th
e
oth

ers
b
y
an

ap
p
rop

riate

su
b
set

of
variab

les,
so

th
e
off

-d
iagon

al
elem

en
ts

of
th
e
fi
rst

row
are:

Y
∅
,{
1
} ,Y

∅
,{
2
} ,Y

∅
,{
1
,2
} ,Y

∅
,{
3
} ,Y

∅
,{
4
} ,Y

∅
,{
2
,3
} ,Y

∅
,{
2
,4
} ,Y

∅
,{
3
,4
} ,Y

∅
,{
2
,3

,4
} .

1
3



Im
p
ro
v
e
d
S
D
P
R
e
la
x
a
tio

n
fo
r
o
u
r
E
x
a
m
p
le
(c
td
)

F
or

each
clau

se,
w
e
ad

d
on

e
eq
u
ality

con
strain

t:

(x
1
∨

x
2 )

⇔
x
1
+

x
2
−

x
1 x

2
=

1
⇒

Y
∅
,x

1
+

Y
∅
,x

2
−

Y
∅
,x

1
2
=

1

(x
2
∨

x̄
3
∨

x
4 )

⇔

x
2
−

x
3
+

x
4
+

x
2 x

3
−

x
2 x

4
+

x
3 x

4
−

x
2 x

3 x
4
=

1
⇒

Y
∅
,x

2
−

Y
∅
,x

3
+

Y
∅
,x

4
+

Y
∅
,x

2
3
−

Y
∅
,x

2
4
+

Y
∅
,x

3
4
−

Y
∅
,x

2
3
4
=

1.

F
in
ally,

w
e
also

ad
d
som

e
of

th
e
con

strain
ts

eq
u
atin

g
fi
rst

row

en
tries

to
oth

er
en
tries

of
Y

w
h
ich

sh
ou

ld
b
e
eq
u
al

to
th
em

,
for

ex
am

p
le

Y
∅
,{
2
,3

,4
}
=

Y
{
4
}
,{
2
,3
} .

W
e
d
o
th
is

for
all

en
tries

at
th
e
in
tersection

of
tw

o
su
b
sets

w
h
ich

arise
from

th
e
sam

e
clau

se.

1
4



C
o
n
c
e
p
tu
a
l
S
tru

c
tu
re

o
f
th
e
(S
y
m
m
e
tric

)
M
a
trix

Y

∅
{
1
}

{
2
}

{
1

,
2
}

{
3
}

{
4
}

{
2

,
3
}

{
2

,
4
}

{
3

,
4
}

{
2

,
3

,
4
}

Y
=



1
x

1
x

2
x

1
2

x
3

x
4

x
2
3

x
2
4

x
3
4

x
2
3
4

1
x

1
2

x
2

∗
∗

∗
∗

∗
∗

1
x

1
x

2
3

x
2
4

x
3

x
4

x
2
3
4

x
3
4

1
∗

∗
∗

∗
∗

∗

1
x

3
4

x
2

x
2
3
4

x
4

x
2
4

1
x

2
3
4

x
2

x
3

x
2
3

1
x

3
4

x
2
4

x
4

1
x

2
3

x
3

1
x

2

1



T
h
e
asterisk

elem
en
ts

are
n
ot

in
volved

in
an

y
of

th
e
lin

ear
eq
u
ality

con
strain

ts
(b
u
t
th
ey

are
con

strain
ed

b
y
p
ositive

sem
id
efi
n
iten

ess).

1
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Im
p
ro
v
e
d
S
D
P
R
e
la
x
a
tio

n
fo
r
o
u
r
E
x
a
m
p
le

fi
n
d

Y
∈
S

1
0

s.t.

Y
∅
,x

1
+

Y
∅
,x

2
−

Y
∅
,x

1
2
=

1

Y
∅
,x

2
−

Y
∅
,x

3
+

Y
∅
,x

4
+

Y
∅
,x

2
3
−

Y
∅
,x

2
4
+

Y
∅
,x

3
4
−

Y
∅
,x

2
3
4
=

1

Y
w
ith

p
rescrib

ed
stru

ctu
re

Y
º

0
.

1
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P
ro
p
e
rtie

s
o
f
th
e
Im

p
ro
v
e
d
S
D
P
R
e
la
x
a
tio

n

T
h
e
o
re
m

1
G
iven

a
n
y
p
ro
po
sitio

n
a
l
fo
rm

u
la
in

C
N
F
,

•
If
th
e
S
D
P
p
ro
blem

is
in
fea

sible,
th
en

th
e
fo
rm

u
la
is

u
n
sa
tisfi

a
ble.

•
If
th
e
S
D
P
p
ro
blem

is
fea

sible,
a
n
d

Y
is
a
fea

sible
m
a
trix

su
ch

th
a
t
ran

k
Y
≤

3
,
th
en

a
tru

th
a
ssign

m
en
t
sa
tisfy

in
g
th
e
fo
rm

u
la

ca
n
be

o
bta

in
ed

fro
m

Y
.

C
om

p
u
tation

ally,
th
e
eff

ort
req

u
ired

b
y
an

S
D
P
-b
ased

algorith
m

is

often
still

to
o
large

for
p
ractical

u
se.

H
ow

ever,
for

som
e
in
stan

ces
of

S
A
T
,
th
e
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e
S
A
T

2003
an

d
S
A
T

2004

com
p
etition

s.

T
h
u
s
th
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.
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∨
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∨
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∨
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∨
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o
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T
se
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In
sta

n
c
e
s

It
is
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ot

d
iffi

cu
lt
to

sh
ow

th
at
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e
S
A
T

in
stan

ce
is

u
n
satisfi

ab
le

if
an

d
on

ly
if

∑

(i,j
)

t(i,j)
is

o
d
d
.

F
or

a
p
×

q
grid

an
d
given

valu
es

of
t(i,j),

th
e
S
A
T

in
stan

ce
h
as

•
n
=

2
p
q
B
o
olean

variab
les,

an
d

•
m

=
8
p
q
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ses,
all

of
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gth
4.
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R
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T
h
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o
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G
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a
T
seitin

in
sta

n
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w
e
ca
n
w
rite

d
o
w
n
a
n

ex
p
licit

S
D
P
p
ro
blem

w
ith

m
a
trix

va
ria
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o
f
d
im
en
sio

n
14

p
q
a
n
d

23
p
q
−
1
lin
ea
r
equ

a
lity

co
n
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in
ts
su
ch

th
a
t

th
e
S
D
P
p
ro
blem

is
in
fea

sible

if
a
n
d
o
n
ly
if

th
e
S
A
T
in
sta

n
ce

is
u
n
sa
tisfi

a
ble.

T
h
is

is
n
ot

th
e
fi
rst

p
ro
of

th
at

T
seitin

in
stan

ces
can

b
e
solved

in

p
oly

n
om

ial-tim
e
(see

e.g.
G
rigoriev

et
al.

(2002)).

H
ow

ever,
th
e
S
D
P

ap
p
roach

n
ot

on
ly

p
roves

th
is,

b
u
t
its

con
stru

ction
is
ex
p
licitly

given
,
w
h
ich

is
very

u
sefu

l
from

a
p
ractical

p
oin

t
of

v
iew

.

F
u
rth

erm
ore,

it
also

p
rov
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ex
p
licit

certifi
cate

of

u
n
satisfi

ab
ility

(or
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ab
ility

)
in

p
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n
om

ial-tim
e.
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ab
ility

p
rob

lem
s.

O
n
goin

g
research

is

•
from

a
th
eoretical

p
oin

t
of

v
iew

,
con

sid
erin

g
ex
ten

sion
s
to

oth
er

ty
p
es

of
w
ell-k
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p
u
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b
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