The Sensitivity Equation Method:
Characterisation and Optimisation
of Flow Systems

D. Pelletier
Ecole Polytechnique de Montréal
Canada Research Chair
J. Borggaard
ICAM, Virginia Tech

MOPTA 05
25-27 July, Windsor, ON, Canada




Theme of talk

Computational issues

* Complexity of PDEs modeling the system
* Cost of solving PDEs

* Many parameters; not all are important

* Accuracy of numerics for optimisation

* Must assess uncertainty due to input data

Tools
* Adaptive FEM for accuracy & efficiency
* SEM : key parameters, optimisation, uncertainty
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« CFD & sensitivities : Context

» Sensitivities : definition and uses
» Flow equations

 FEM & mesh adaptation

- SEM

» Application : Characterisation

» Application : Optimization

» Conclusions
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Real Problems

- High Reynolds, Péclet, Rayleigh numbers
« Extreme/Thin geometries
« Extreme/Thin features

1. Unknown Kkind
2. Unknown location

3. Unknown extent
» Input data uncertainty

- How to design under such conditions ?
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Simulation Context

Mathematical

Physics l------ i Model
ISsues :
1. Numerical accuracy
Viogelling ) Errors 2. Modelling errors
Y 3. Input uncertainty
EEM. 4. Experimental uncer-
tainty
| Tools
Numerical Errors
I I 1, 2 = Mesh adaptation
Physical ?7?7 Numerical 3’ 4 = SenSitiVitieS
Behavior |~ """ 7" ™ solution

_ The Sensitivity Equation Method: Characterisation and Optimisation of Flow Systems — p.5




Modeling & Simulation (1)

a

» Situation :
* Linear model
* Nonlinear model
* Data points

« Which Is best ?
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Modeling & Simulation (2)

+ Situation :
* Linear model
* Nonlinear model
* Data points
: * Data uncertainty

« Which Is best ?
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Turbulent flow over step

A Measurements by Kim et al.

\ |

y Mansour Morel E E

H . Pollard : :

f L Rodi et al. : E

Launder et al : :

Abdelmeguid et al ; ;

* Same turbulence model Demirdzic et al. : :

Donaldson et al. ! !

® Same COde llegbusi et al. ! ;

! Nall tal : :

* Except Donalson & Ilinca [ geqeia -
* Different meshes tinca et a : .

4 5 6 7 L
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Navier-Stokes : laminar flow

» Free convection
» Variable properties = functions of T

V-u=20
pcy - VT =V - (kVT) + ¢q

ou-Vu=-Vp+V- {,u (Vu + (Vu)T)}
—pgB(T —Ty) + f




Boundary conditions

T(xp;a) = T(x; a) on 'y
)\VT(wb; CL) ‘N = qu(.’.Bb; CL) on Fq
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FEM Solver

X * Galerkin FEM + Stabllization
© X\Q * Primitive variables = (U,V,p) & (T K,¢)
O * Augmented Lagrangian

A

O Velocity * Newton’s Method
[] Temperature

X

X Pressure
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Verification and Validation

Verification :

Are we solving the equations Properly ?

Validation :

Are we solving the Proper equations for the
problem at hand ?




Verification involves :
 mathematics,
* numerical analysis,

For example :

» ? Is scheme/code implementation really
O(6z*)?

» ? O(6x*) ? on the case at hand ?
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Validation

Validation means having

- the proper physics,

- the proper science,

* an appropriate engineering model.

Requirements :
+ detalled experiments,
 high quality measurements.
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Adaptivity

* M, : i*" adaptive mesh
* P, : degree of interpolant

Initial Discretisation : (M, Fp)

FEM Solver : U;

Error Estimation : E;(M;, P;,U;)

if (E; < ¢) — STOP

Adaptation (M;q, Pi1) = A(M;, P;,U;)
Goto 1

> WO

_ The Sensitivity Equation Method: Characterisation and Optimisation of Flow Systems — p.15




Projection Error Estimator

Error in derivative

62 — /(Qex — Qh)2daj

_ 622E2:/(q*—Qh)2d$

X

¢* an approximation of ¢,
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Projection Error Estimator

Mm/ (¢* — qpn)° dQ
Qg

q* — [1,x,y,x2,xy,y2][a1, e ,CL6] = Pa

[/QS pPp dQ] {a} = [/QS Plyq, dQ]
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Projection : Navier-Stokes

2 = / (VT — VT,) - (VT* — VT})

T=p|VU+ (VU)"]




* Target accuracy = 7%
* Target error : & = ﬁ%
* Equidistribution :
* e = cte , 1=1,..., N,

* Asymptotic convergence rate :

¢ e = Ohf
°e=CoF
* New element size : | \F
0; = {77 } hi
v Nellei]
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Multiple fields

€Cyg — (S(]
ep — (Sp
er — 5T
€ — (Sk
€ — O




Xl X

//////{/////@
2
SSSSIIINNNNNY >

1 2

1

T =T(x;T1,Ts, k1, ko, X1, T, T2)

Sensitivity with respect to a

oT

T~ Ba
a < {T17 T27 K1, k2, L1, Ly, 372}
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Sensitivities : uses

Gradient based optimization : min J(u(«), p(a); )

dJ 0J Ou +8J Op +Q
dao  Ou Oa, Op Oa. O«
=<~ <~

Su Sp

Fast nearby solution via Taylor series

Co(z; a0 + 0a) = Cp(x; a9) + 0Cy WJe!

O
| ag
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Uncertainty Analysis

Cascade input data uncertainty into CFD outputs

1st Order statistics : 07, ~ ) (

. —~ OC
Worst case scenario :  §C; = Z =L |6y
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1st Order Sensitivity PDE

Continuity :

ou

%-1-

v
Oy

=0

SEM : differentiate then discretize

0 (Ou +8 ov _ 0
Ox \ Oa oy \Oa )

9, lﬁu Ov

Oa 8x+8y]:O -

s,

9z

0s,
dy

=0

The
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1st Order Energy Sensitivity

0
5 pc,u - VT =V - (kVT) + g4

general approach : all possible dependencies

T=T(z,y;a)
cp = ¢p(T'(a); a)
J

(p'cy + pc) - VT + pc, (sy - VT +u - Vsr)
=V - (K'VT + kVsr) + q,
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1st Order Momentum Sensitivity

%[ﬂu-Vuz—VZHV- [M(VH(VU)T” —pgB(T'—To) + f |

Y
pfu-Vu+ps, -Vu+pu-Vs, =—Vs,

+V - {,u’ (Vu + (Vu)T) + p (Vsu + (VSU)T)}
— (V9B + pg'B+ pgB) (I —To) — pgB (sr — 1Tg) + f'

Newton linearization : 1 linear system of PDE / parameter
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Variable fluid properties

,  Ou O Ou Ou
B= da * 8u8u+ (%Sv * 8TST

— chain rule : all dependencies
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Boundary conditions : Dirichlet

value parameter : T' = T

S e %
57 9a
shape parameter
PER T=1 T=1
T(zp(a), yp(a); a) = To(zs(a), yp(a); a)
DT DT,
Da D
. ‘ a a+ Aa
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Boundary conditions : Dirichlet

DT DT,
Da  Da
(9T (9335 (9T 8yb DT()

T~ "8z Ba 0y 8a+Da

T=1 T=1
° : DTy Ox 0
Provide 2, Sk, and %
* Compute g and - from the flow
solution a a+ Aa
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Boundary conditions : Neumann

value parameter : kVT' - n = qq

(K'VT 4+ kVsr) -1 = q

shape parameter

T=1 T=1
KVT -1 = qo(ws(a), yp(a); a)
D ) DA Dqq
ndl T . 7. _ Z1
Da (kVT) -n+ kV Da Da
a a+ Aa
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Boundary conditions : Neumann

shape parameter

D Dn  Dqq
T T — = —
Do (kVT)-n+ kV e = Da
/ ~ DQO Dn
T T = T.
(k'VT 4+ kVsr) - n Da A Da
9, Oxy, O oyp | .
T T
lﬁxwv )8a 8y< &l )ﬁa o

* Provide %‘{f and 22

O*T 9°T 9T
: CompLIte 0x2’ OxOy’ Ox?
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Implementation

* General formulation
* FEM
* Numerical Jacobian
* Adaptivity : flow + sensitivities
* Projected flow gradients :
* BC (shape parameters)
* PDEs: pcps, - VT, V- (k'VT)
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Free Convection in Corn Syrup

L T,=0
—T/ag
- aie
h corn syrup symmetry M= ap€
Y K — bo + blT
i 2
plexiglass . copper Cp — + ¢ 1T + c 2T

Tp=1

4 parameters :
A laboratory model for magma h, T}, ao, and b,

circulation in the earth’s mantle
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Free Convection in Corn Syrup

[ i Temperature

Streamlines




Grid convergence

-10

A
2
fr
4
15 7
-

dT/dy

20

-25

dsy/dy
N R O RN WA OO

_30 | | | | | |
-0.5 -0.45 -04 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 O -0.5 -045 -04 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 O

x/h x/h

9
o 5 (0o)

Must adapt mesh to flow & sensitivities
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Scaled sensitivities

T
T(x;a; + Aa;) —T(x;a;) = 0 Aa;
({9&7;
oT ACLZ'
> Ez: <aaz‘ai0> § <% )

scaled sensitivity s, % change in a;

oT

All
aCLZ'

a;, In °C' — Comparison more meaningful
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Scaled Sensitivities : ||s,||

3 Scaled sensitivities of velocity
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Scaled Sensitivities : st

3 Scaled sensitivities of temperature
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Uncertainty cascade

L oT
T(x;a+ Aa) =T (x;
( ) (x;a) + ; % (x; a)Aa;
" oT
AT = '
2~ 9 (x; a)Aa;
“.loT
AT| < :
AT| <Y | S(@ia)| [Aal




Cut planes

y
y=h top
F----F---4 y=0.65h
F----F---4 y=0.4h
y=0 bottom |
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Vertical velocity at y = 0.4h

25 | | | | |
Aag = 0.065a, 27 ‘
Abo — 003b0 = 151 0\ |
£
AT, =0.02(T, —Ty) § *f :
Ah = 0.02h 05T | 1
prediction
0 VEAV -
~ measurements +—=—
_0.5 ] ] ] ] ]
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

x/h
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Contributions to Av at y = 0.4h

012 | | | | |
aO -
| by |
0.1 °o |
h o
0.08 | .

0.06

Av (cm/min)

0.04

0.02
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Vertical velocity at y = 0.65h

ACLQ = 0065CLO

Aby = 0.03b, -
&

ATy, = 0.02(T, — To) &
Ah = 0.02h ”

1.2

0.8

0.6

0.4

0.2

prediction

VAV -
measurements ———
] ] ] ] ]
-0.3 -0.2 -0.1 0 0.1 0.2
x/h
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Temperature at x = 0

ACLQ = 0065CLO

Aby = 0.03bg
ATy, = 0.02(T, — Tp)
Ah = 0.02h

0.8

0.6

04

0.2

predicton
T+AT
measurements ———

0.2 0.4 0.6
(T-T/AT
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Fast Nearby Solution

° | | ! ! |
Aay = 0.065ag 15l _
AbO — 003b0 o L _
=
AT}, = 0.0Q(Th — TO) E .l |
Ah = 0.02h 7
Or- perturbed —
extrapolated
-0.5 | . . | .
03 -02 -01 0 0.1 0.2 0.3
x/h
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A simple cooling system
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A simple cooling system

Design parameter :

* plate angle o

* centroid coordinates (x., y.)
Objective function :

Ji(a, e, ye) = / kVT(x; o, T, ye) - Ddl
L'y
Gradient of the objective function :

0

_jl (Oéa L, yc) — / K'VST(X; &, L, yc) - ndl’
da r,
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Temperature fields

\

initial o (o, Tey Ye)
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i
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Heat Flux on thee block

40

T T T

I
nitial
angle —----- i
position + angle -

35
30
25

dT/dn

. N
f/ -
20 F ] N
! N N
N
N

/ AN
g/
Y/

7/

10 K

)»}

Improvements : o = 10% (a, z¢, y.) = 15%
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Optimisation path o, x., v,

It e T Ye J 27 (%cj 320 J

O 17.7 0.550 1.000 0.07609 -0.00128 -0.04439 0.03101
1 175 0433 1.082 0.0/805 -0.00867 0.02027 0.01717
2 16.3 0.447 1.145 0.07890 -0.00843 0.01645 0.00658
3 148 0454 1.158 0.07906 -0.00849 0.01140 0.02033
4 13.0 0460 1.186 0.0/7931 -0.00770 0.01399 0.00168
5 114 0.467 1.190 0.07946 -0.00741 0.00846 0.01744
6 9.7 0473 1.198 0.07945 -0.00590 0.00932 -0.00122

Maximum for non-zero gradient
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Conclusion

- Mesh adaptation provides
» cost effective solutions
 accuracy for flow and sensitivities

» General SEM formulation for complex flows
« Identify iImportant parameters
+ quantify flow uncertainty due to inputs
« useful in optimal design
- nearby flow evaluation : what if questions
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